Clocks play a special role at the interface of general relativity and quantum mechanics. We analyze a clock-interferometry thought experiment and go on to theoretically derive and experimentally test a complementarity relation for quantum clocks in the context of the gravitational time lag. We study this relation in detail and discuss its application to various types of quantum clocks. * Electronic address: rohrlich@bgu.ac.il; corresponding author 1 arXiv:1802.09235v1 [quant-ph]
I. INTRODUCTION
The interface between quantum mechanics (QM) and general relativity (GR) is an ongoing fundamental challenge. While cosmology and high-energy physics offer tools used for probing this interface and seeking hints for a highly sought-after unification, here our tools are table-top spatial atomic interferometry and atomic clocks. Indeed, progress in matterwave interferometry [3] [4] [5] and atomic clocks [6] has provided a promising platform for new experiments. To unambiguously test the GR notion of proper time in the context of QM, a self-interfering clock has been suggested [6, 7] . Such a scheme has recently been realized in a proof-of-principle experiment [8] . Quantum complementarity [9] plays a special role at this QM-GR interface, as we show below.
Our present understanding of complementarity [10] [11] [12] [13] [14] for a two-path interferometer is summarized by the fundamental inequality V 2 + D 2 ≤ 1, where V is interference pattern visibility and D is distinguishability of the two paths of the interfering particle. This law has been verified in numerous experiments [15] [16] [17] [18] [19] [20] [21] [22] and elaborated theoretically [23, 24] . In the framework of GR, there is speculation [7] that the inequality may be broken such that V 2 +D 2 > 1. As clock interferometry sensitive to gravitational red shifts may soon be feasible [6, [24] [25] [26] [27] [28] , formulating an account of clock complementarity is timely. Here we analyze in detail, and test experimentally, a clock complementarity rule for spatial interferometers with internal Hilbert spaces. See also [29] for a closely related analysis. We begin with a clock-interferometry thought experiment, suggesting a clock complementarity rule in the context of proper time. We obtain it theoretically for an atomic clock with two or more internal levels, and verify it empirically in a clock interferometry experiment that includes a simulated gravitational red shift.
II. THEORY
In the thought experiment, a clock is prepared in a spatial superposition where one wave packet is closer to a gravitational source and thus suffers from a stronger time lag (or red shift) [7, 8] . We note that it has been theoretically shown that spatial interferometers which are sensitive to a proper time lag between the paths are possible [30] . Now, on the one hand, if the "ticking" rate of the clock depends on its path, then clock time provides which-path information and the inequality V 2 + D 2 ≤ 1, developed in the framework of non-relativistic QM, must apply. Yet, on the other hand, gravitational time lags do not arise in nonrelativistic quantum mechanics, which is not covariant and therefore not consistent with the equivalence principle [31] . Hence our treatment of the clock superposition is a semiclassical extension of quantum mechanics to include gravitational red shifts.
As a historical precedent, we note that at the sixth Solvay conference in 1930, Einstein tried to defeat the uncertainty principle for time and energy by using a clock to measure the precise time a photon is released, and a spring scale to weigh the change in energy E (via E = mc 2 ) of the whole apparatus. Bohr then applied gravitational time dilation to show that Einstein's suggestion could not succeed [1] . Indeed, Bohr's reply to Einstein already contains the idea for our thought experiment, if we transform the uncertain height of the clock in the gravitational potential (during the weighing) into a superposition of the clock at different heights. Yet Bohr's refutation seems, at first sight, mysterious. How could
Bohr have applied something outside of quantum mechanics to refute a quantum-mechanical argument? Isn't quantum mechanics by itself, without general relativity, a self-consistent theory? The explanation [33] is simple: Einstein suggested measuring the energy of a photon by weighing it; he thus equated the inertial mass m (in the formula for energy) with the gravitational mass (in the weight of the photon). But this equation -the equivalence principle -implies the red shift! In this work we reverse the logical implication: since we impose a red shift, we must also impose the equivalence principle.
According to the equivalence principle, two wave packets traversing an interferometer in a gravitational field can equivalently be described as two wave packets traversing the interferometer and accelerating [34] . That is, we can map the experiment with its gravitational field to an equivalent experiment with no gravitational field, but with acceleration;
and relativistic quantum mechanics fully describes the latter experiment. It follows that the two experiments are equivalent; for otherwise, quantum mechanics could distinguish between them, contradicting the equivalence principle. It likewise follows that complementarity, which is expected to hold also for relativistic QM, should also apply to wave packets that acquire different red shifts.
An atomic clock accumulates a quantum phase between two or more internal levels.
It is convenient to represent clock states as vectors s in the Bloch sphere. In Fig. 1(a) we show two such vectors corresponding to two interfering clock wave packets. The angle θ corresponds to the clock preparation (and is common to both wave packets) while the angle φ = ω 0 ∆τ describes the effect of the proper time lapse ∆τ between the two clock wave packets, when the clock precesses at rate ω 0 [7, 8] . We consider the case where the distinguishability arises solely from ∆τ . Because of imperfect clock preparation, ∆τ may not increase the distinguishability D to 1 (and correspondingly would not reduce the visibility to zero), and it is useful to characterize the actual distinguishability allowed by the clock by comparing it to the distinguishability D I made possible by a clock with an ideal preparation, where full distinguishability D = 1 is achieved for ∆φ ≡ φ u − φ d = π, where u and d denote the upper and lower paths of the interferometer, respectively. We do this by introducing a re-scaling factor C that accounts for such imperfection, taking D = C · D I .
Let us consider a clock that is initially prepared as a superposition |θ, φ ≡ cos(θ/2)|1 + e iφ sin(θ/2)|2 of the two clock energy eigenstates |1 and |2 . This clock state corresponds to a Bloch vector s = (sin θ cos φ, sin θ sin φ, cos θ), which is ideally at θ = π/2 on the equator of the Bloch sphere, representing an equal superposition of the two energy eigenstates. After propagation along the two paths, the two clock wave packets acquire an angular difference ∆φ = ω 0 ∆τ due to the proper time lag. The visibility V of the clock interferometer is equal to the overlap | u|d | ≡ | θ, φ u |θ, φ d | between the two states |u and |d of the clock wave packets, which have rotated angles φ u and φ d , respectively, during free propagation at different heights in the gravitational field. The angular difference between the two states |u and |d makes them distinguishable; the interference visibility is reduced to zero if the overlap between the two states is zero, and the distinguishability D ≡ 1 − | u|d | 2 grows to 1, implying full "which-path" information. In the case of an ideal preparation, where cos(θ/2) = sin(θ/2) = 1/ √ 2, the angular separation between the two Bloch vectors s u and
In general, we can choose two vectors s a and s b on the Bloch sphere, corresponding to two quantum states |a and |b , with an angle of separation α ab between them in the plane that they define. Their overlap is likewise cos(α ab /2). It follows that the distinguishability is
In our case, where the latitude θ of the clock states does not change over time, the (real) Beam Splitter distinguishability of two states in an ideal clock prepared with the Bloch vector pointing to the equator, namely with equal populations. Upon substituting
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we obtain
namely, the distinguishability of the states of the two clock wave packets is a product of the distinguishability of two states created by perfect preparation of the clock and propagation through the interferometer, scaled by a factor C = sin θ, which varies from C = 1 for an ideal clock to C = 0 for a non-clock prepared in a given energy eigenstate (at the north or south pole of the Bloch sphere). While perfect clock preparation (C = 1) gives rise to the possibility of perfect distinguishability D = 1 (full orthogonality of the clock states) for a given proper time lag ∆τ = π/ω 0 , in the case of imperfect preparation (C < 1) the angle between the Bloch vectors of the two wave packets is always smaller than α ud = π and the maximum possible distinguishability is D max = C < 1. (C may be thought of as the clock preparation quality or "clockness".) In the context of a clock interferometer [7, 8] , where the distinguishability of clock states determines the visibility, the complementarity relation
This is the clock complementarity relation, where D I is the ideal clock distinguishability, determined solely by the proper time lag ∆τ (in the thought experiment).
The complementarity relation in Eq. In the next section we demonstrate experimentally the complementarity relation of Eq. (3) with a system of two Zeeman levels of an atom in a magnetic field. A vertical magnetic field gradient ∂B/∂z takes the place of the gravitational field. The accumulated angular difference between the two clock wave packets centered at heights z u and
where T G is the gradient pulse duration and ∆ω 
III. EXPERIMENTAL SCHEME
We experimentally verify to a high level of likelihood that a two-level clock obeys the generalized clock complementarity rule, with a magnetic gradient simulating a gravitational red shift. The setup used for this study is described in Ref. [8] , while numerous improvements have resulted in a much higher V in the raw data: Fig. 1(c) shows very high visibility without any normalization (90% as compared with 60% in Ref. [8] ). The experimental scheme is depicted in Fig. 1(b) ; it applies the previously demonstrated Stern-Gerlach (SG) matterwave interferometer on an atom chip [34] G) in order to push the transition to |2, 0 out of resonance via the nonlinear Zeeman effect, thus forming a pure two-level system. As the Rabi frequency Ω R is constant, varying T R will effectively change the Bloch vector's polar angle θ in the Bloch sphere [ Fig. 1(a) ], e.g.
when T R = 0 µs, there is no rotation and the Bloch vector stays at the north pole, and when T R = 10 µs, the Bloch vector is rotated onto the equator and a proper clock is prepared in the state (|2 + |1 )/ √ 2. Then an additional magnetic gradient pulse of duration T G is applied in order to change the relative "tick" rate of the superposed clock wave packets, thus determining a relative rotation φ on the equator of Bloch sphere [ Fig. 1(a) ]. This synthetic red shift introduces a posteriori which-path information (WPI) by creating entanglement between the path and a WPI marker, in contrast to the a priori WPI, which involves the preparation of an unbalanced interferometer such that the particle flux along the two paths differs.
Let us note that it is not enough to experimentally simulate the thought experiment by placing a clock in a spatial superposition, and creating a synthetic red shift with some force field. To faithfully simulate the thought experiment one must make sure that there is no breakup of the clock due to the applied force field. This may be viewed as a mere technical condition for the operation of a clock, but in fact the "no clock breakup" is a fundamental feature of the thought experiment that must be imitated by any experimental simulation.
Specifically, there is no breakup of a clock wave packet in the gravitational field. Consider a single wave packet centered at a point z 0 and let τ (z 0 ) be a proper time lapse there.
While two clock levels are indeed accelerated in the gravitational field to different momenta p j = m j gτ (z 0 ) (where the mass difference m 2 − m 1 =hω 0 /c 2 is due to the difference hω 0 in their energies), the corresponding velocities v j = p j /m j = gτ (z 0 ) do not depend on the specific clock level. The Galilean law of falling masses, stating that gravitational acceleration is independent of mass, holds in general relativity and insures that clock breakup will not occur in a gravitational field. Similarly, the clock breakup effect in our experiment is negligible relative to the difference of the clock angle between the two clock wave packets. A clock wave packet ψ 0 (z)(|1 + |2 ) in a magnetic field gradient undergoes not only a rotation of the clock |1 + |2 → |1 e −iω 1 T G + |2 e −iω 2 T G , where ω 1 and ω 2 are the magnetic potentials for the two levels at z 0 , but also a differential momentum. While the differential clock rotation is shown to span a large range of clock angles allowing the two clock states to be fully distinguishable (D I = 1), the momentum separation between the two states of the same clock, which is given by ∆p =h(∂ω 1 /∂z − ∂ω 2 /∂z)T G , is much smaller than the momentum distribution of each wave packet (allowing the observation of many spatial fringes [8] ). These conditions are automatically fulfilled in our experiment when the separation between the two wave packets is larger than the wave packet width. It follows that our demonstration of the effect of gravitational red shift on clock distinguishability is valid.
IV. VERIFYING CLOCK COMPLEMENTARITY
Each clock is a superposition of two Zeeman sublevels, with coefficients that depend on θ and φ. The RF pulse (duration T R ) controls the value of C = sin θ, while the magnetic gradient pulse (duration T G ) controls the value of D I = sin(φ/2). The latter creates an effective red shift, namely a differential clock "tick" rate, by inducing a differential Zeeman splitting ∆ω such that φ = ∆ω · T G . Finally V is measured from the spatial interference pattern [ Fig. 1(c) ]. We measure C 2 = 4P (1 − P ) independently in a separate experiment by measuring P after the clock is initialized, and we evaluate D I independently by measuring the relative phases in two single-state interferometers, one for each of the two clock states.
The independent measurements of V , C and D I are presented in Fig. 2 .
As noted, C = sin θ = 2 P (1 − P ), and in order to establish the value of C we need to measure the population transfer from the m F = 2 state to the m F = 1 state. In Fig. 2 obtained by a Rabi rotation of the state |0, 0 with an angle θ. This state has the form
where |S, m are the spin eigenstates and between two states transformed under the same operation, and as can be verified directly from the above equation, we can generalize this result to any two coherent states on the Bloch sphere, such that
where α ab is the angle between the two Bloch vectors such that cos α ab = s a · s b . By using some trigonometric equations we conclude that for two Bloch vectors prepared at the same
For S = 1/2 this leads to the same expression as in Eqs. (1) and (2). The ideal distinguishability is D 2 I = 1 − cos 4S (∆φ/2) (conforming to the two-level system result for S = 1/2). This implies that the "clockness" C should be
In the limit of a very short time lag ∆φ → 0, the "clockness" becomes C → sin θ, the same as for spin-1/2 and independent of the spin. However, for general proper time lags of the two clocks, C becomes dependent both on the spin S and the angle difference ∆φ. The value of C as a function of ∆φ is shown in Fig. 5(c) . For large values of the spin S and large proper time differences, the distinguishability is no longer sensitive to the clock preparation angle, as the clock states are represented by a narrow distribution of angles on the Bloch sphere and therefore two states with large ∆φ are well separated even if the preparation angle is not ideal.
Finally, we can apply the clock complementarity relation in Eq. (3) to a single-state spatial interferometer, e.g. the Compton clock for which C = 0; [25] [26] [27] [28] ; but C = 0 does not correspond to a clock in the usual sense of an internal state space. What is unique to C > 0 clock interferometry is the reduced V due to different clock readings along the paths, rendering the paths distinguishable [7, 8] . An additional implication of Eqs. (1-2) is that S1 ). The SGBS includes a first radio-frequency (RF) π/2 pulse (of 10 µs duration) to create an internal spin-state superposition composed of |1 ≡ |2, 1 and |2 ≡ |2, 2 , a magnetic gradient pulse (4 µs) which creates a different magnetic potential for different spin states, and another RF pulse (10 µs). These pulses create a superposition of |2 wave packets having different momenta (as well as a superposition of |1 wave packets, which we choose to discard). After the SGBS, we apply a second magnetic gradient of 90-98 µs duration to zero the relative velocity of the wave packets.
Following the above splitting procedure, clocks are initialized in both wave packets 1.5 ms after trap release by a third RF pulse of duration T R , which creates a superposition of the |2 and |1 states. As the Rabi frequency Ω R is constant, varying T R will effectively change the Bloch vector's rotation θ (Fig. 1a) , e.g. when T R = 0 µs, there is no rotation and the Bloch vector stays at the north pole, and when T R = 10 µs, the Bloch vector is rotated onto the equator and a proper clock is prepared in the state (|2 + |1 )/ √ 2. Then an additional (third) magnetic gradient pulse of duration T G is applied in order to change the relative "tick" rate of the two clock wave packets, corresponding to a relative rotation angle φ along the equator of the Bloch sphere (Fig. 1a) , simulating the effect of the red shift.
The entire SGBS and clock initialization sequences are done under a strong homogeneous magnetic field of 36.7 G in theŷ direction, which creates an effective two-level system via the non-linear Zeeman effect (E 21 ≈ h×25 MHz, E 21 − E 10 ≈ h×180 kHz, where E ij is the energy difference between level i and j). This field is adiabatically turned off 3.5 ms after the clock initialization (5 ms after trap release), leaving earth's magnetic field to preserve the two-level system continuously. After an additional 11-13 ms time-of-flight (16-18 ms after trap release, where the different times correspond to different optimization depending on the parameter we scan), we image the atoms by absorption imaging and generate the picture shown in Fig. 1c . All three magnetic gradient pulses are generated by three parallel gold wires located on the chip surface (Fig. S1 ), which are 10 mm long, 40 µm wide and 2 µm thick. The wires' centres are separated by 100 µm, and the same current runs through them in alternating directions, creating a 2D quadrupole field at z = 98 µm below the atom chip (including finite size effects). The SGBS phase noise is largely proportional to the magnitude of the magnetic field created during the gradient pulse [34] . As the main source of magnetic instability is in the gradient pulse originating from the chip, positioning the atoms near the middle (zero) of the quadrupole field created solely by the three chip wires 98 µm below the chip surface reduces the phase noise during the SGBS operation. The chip wire current was driven using a simple 12.5 V battery, and was modulated using a home-made current shutter, with ON/OFF times as short as 1 µs. The total resistance of the three chip wires is 13.6 Ω, yielding a current of 11.3/13.6 A ≈ 0.83 A. (A small voltage drop exists in the circuit itself.)
The RF signal is generated by an Agilent 33250A waveform generator and subsequently amplified by a Minicircuit ZHL-3A amplifier. We generate RF pulses using a Minicircuit ZYSWA-2-50DR RF switch. RF radiation is transmitted through two of the copper wires located behind the chip (with their leads showing in Fig. S1 ). 
S2. a priori and a posteriori which path information
Quantum complementarity is basic to our understanding of QM [9] . The complementarity principle is typically studied by means of interferometers, e.g. a Mach-Zehnder interferometer, to examine the mutual exclusiveness of distinguishability D (also known as "which path" information, WPI, or "particle property" P ) between the different wave packets, and interferometric visibility V (also known as "wave property", W ). Following the work of Greenberger, Yasin, Englert, Jaeger, Shimony, Vaidman and others, our present understanding may be summarized by the fundamental inequality V 2 + D 2 ≤ 1 [10] [11] [12] [13] [14] . This inequality is at times defined as W 2 + P 2 ≤ 1, in which case it is said to describe wave-particle duality.
This law of complementarity has been verified in numerous experiments [15] [16] [17] [18] [19] [20] [21] [22] .
Let us briefly note that it is commonly suggested to test complementarity by two different methods: the first requires the preparation of an unbalanced interferometer such that the particle flux along the two paths differs, and this creates a priori which-path information (WPI) as we have some information regarding which path a particle took (also called predictability); the second utilizes a balanced interferometer but introduces a posteriori WPI by creating entanglement between the path and a WPI marker or by using an interferometer with an unbalanced output beam splitter [15, 16] . In our thought experiment as well as in the experimental demonstration, a balanced interferometer is used where the a posteriori WPI is created by proper time, which we simulate with a synthetic gravitational red shift in the form of a magnetic gradient.
S3. Properties of visibility
In this section we prove two fundamental features of visibility. The first is that it is equal to the overlap of the states in the two paths, and the second is that it is not dependent on the initial clock state, i.e. on the phases among the internal atomic spin states as the atom enters the interferometer.
The standard definition of the visibility V of an interference pattern is
where "max" and "min" refer, respectively, to the densities in the peaks (maxima) and troughs (minima) of the interference pattern. These densities are proportional to the absolute value squared of the atomic wave function, the superposition of the two normalized clock wave packets |u and |d . However, the relative phase of |u and |d in the superposition depends on their spatial position, and "max" and "min" refer to those positions in space where the densities are extremal. A convenient way to take this phase into account is to write the superposition as |u + e iχ |d and then find the value of χ that yields the visibility.
Note that there is only one phase χ to calculate, since if |χ + ≡ |u + e iχ |d corresponds to a peak, then |α − ≡ |u − e iχ |d corresponds to a trough. (Note that |χ + and |χ − are not normalized.) We thus define V χ as
which equals the real part of e iχ d|u . The real part of V χ is maximal when e iχ d|u equals
To prove that V does not depend on the initial clock state, we restrict ourselves to pure states and assume that the magnetic field along each path is homogeneous, such that the spatial wave functions multiplying |u and |d along each path are independent of the spin eigenstates |j . (That is, we can neglect clock breakup.) In addition, we assume that the magnetic field changes adiabatically over the interferometer paths such that the occupation of the states |j does not change; only their phase changes with time according to |j → |j e −iω j t . The effect of the magnetic field difference between the paths is then to change the magnetic energies of the states along each path: ω j → αω j for the upper path and ω j → βω j for the lower path. This change is equivalent to different proper times along paths |u and |d . Then if t is the time elapsed between t i to t f , the overlap between the two clock states, which determines the visibility, is given by
We see that the orthogonality of the clock states for the two arms is independent of the initial relative phases of the spin states. If the state is not pure, then a discussion of what is left of orthogonality or distiguishability is beyond our scope.
S4. Verifying the clock complementarity rule (Fig. 4) Here we give details regarding the procedure yielding Fig. 4 . We emphasize that all three parameters of Eq. 3, namely V , C and D I , are measured independently. The procedures for measuring C(T R ) and D I (T G ) are described in the next section. V is simply measured from the imaged interference pattern, by fitting the density profile to a Gaussian modulated by a sine function [34] .
Let us begin by presenting the high level of contrast achieved in the raw data for the visibility oscillations (Fig. S2) .
We then use the normalized visibility V N in order not to take into account irrelevant effects affecting visibility such as thermal background, imperfect focus, insufficient focal depth, imperfect overlap of the wave packets, etc. The procedure giving V N is simple: Each value of the visibility is an average of the single-shot visibility from several experimental cycles, and the error bars are the SEM (standard error of the mean) in this sub-sample.
This average is normalized to the visibility of the single-state interferometer (i.e. without an initialization of a clock), with the latter ranging from 0.857±0.011 (SEM) to 0.891±0.013
(SEM) in different experimental runs.
In Fig. S3 we present four subplots for V N and C · D I when C=0, 0.56, 0.81, 1, as in the main text. When C=0 in Fig. S3a , there is no projection on the equator and only one spin state is involved in the interference. Thus, the interferometric visibility V N is not influenced by T G (i.e. D I ). Instead, T G affects the phase of the interferometric fringes. As C starts to increase, the product of C · D I starts to affect the visibility, causing a progressive drop in visibility until the maximal drop is reached when C=1. As presented in Fig. 4 of the main text, the values shown in Fig. S3 give a total sum V 2 N + (C · D I ) 2 which equals 1 with high probability.
Finally, let us add that one type of clock imperfection that should be accounted for by the C parameter in our specific realization of the clock interferometer is that of clock breakup due to the magnetic gradient simulating the GR redshift (as discussed in [8] ). However, for our experimental parameters, we have evaluated this effect to be smaller than the experimental error bars (≤ 2%). 
S5. Measuring C and D I independently
We have previously described the corresponding relation between population transfer P and C, such that C = sin θ = 2 P (1 − P ). To independently measure C we thus need to measure the population transfer or the population balance. To measure the population transfer, we apply an RF pulse of duration T R at the same atom cloud position in which this pulse is applied in the real experiment. We do this while turning off all the additional subsequent pulses of the real experiment. We then use a strong Stern-Gerlach magnetic gradient to spatially split the two different spin states and measure how much population was transferred from the m F = 2 state to the m F = 1 state (Fig. S4a) . C(T R ) is then calculated using the measured result of P , as shown in Fig. S4b . From the figures, it can be seen that the period of C is half the period of the population transfer, as expected. between these two differential phases is equal to the phase difference between the clocks, from which D I is directly calculated.
S6. Applying the new rule to the Compton clock debate
The clock complementarity relation may, for example, be applied to a single-state spatial interferometer, e.g. the so-called Compton clock [25] , for which C = 0 (since the particle is not associated with any internal Hilbert space, or simply because P = 0). The parameter C, the "clockness" or clock quality parameter, indicates how well a quantum system in a [27, 28, 30, 38, 39] ). What is unique to C > 0 clock interferometry is the reduced visibility of the interference pattern due to different clock readings along the paths rendering the paths distinguishable. 
S7. Breaking the complementarity bound
As an outlook, and following post-quantum speculations regarding "less complementarity" [40] , and specifically the possibility of V 2 + D 2 > 1 [7] , let us briefly address such an hypothesis. For the latter to be true, at least one of the two assumptions used in constructing Eq. 3 must break down. This means that V 2 ≡ | u|d | 2 and/or the rules of a scalar product in quantum formalism would be modified in some context.
Let us now assume, for example, that our fundamental assertion that
wrong in the context of GR. In such a case, we can choose a perfect clock (C = 1) and assume GR to give rise to D I = 1, while the visibility may still be high. For example, in the Bohmian picture there are trajectories [41] . There is equal probability for a particle to be in any trajectory. In a double slit experiment, regions on the screen where few trajectories arrive form the dips in the interference pattern and regions where there is a high density of trajectories form the peaks. The ratio between high and low density of trajectories yields the visibility. As a naive outcome of a post-quantum model let us assume that in a timeindependent setup these trajectories, and hence this ratio, are not affected by red shift, and consequently visibility is not affected even if a clock is traversing these trajectories and red shift brings the two clock wave packets to be orthogonal. As Bohmian mechanics has predictions equivalent to those of standard QM, the latter description obviously calls for an extension of the standard Bohmian mechanics. In such a toy model let us fix V = 1, while assuming C 2 and D
2
I as in the main text. Indeed, in such a case it is easy to find parameters such that V 2 + (C · D I ) 2 > 1. Let us note that while to the best of our knowledge there is no general proof that V 2 + D 2 > 1 violates relativity ("no signalling"), some models that derive V 2 + D 2 > 1 from stronger-than-quantum nonlocal correlations [42] do violate relativity [43] .
S8. No-clock interpretations
In this section, we discuss visibility and point out that our predictions for visibility remain the same even though we can interpret them in two different, and complementary, ways. In one interpretation, we regard atoms as two-level systems functioning as clocks; in the other interpretation, we consider only atomic spin eigenstates and their evolution. For both cases, we first assume that the atomic states are coherent. We then extend the discussion to include incoherent ensembles, i.e. mixtures, of atomic states.
In the case of coherent states (which we have discussed before [8] ), the clock interferometer is in a superposition of two atomic spin states in two different ways. On the one hand, we have a superposition of position eigenstates, i.e. atoms can take the upper path or the lower path of an interferometer; let us denote these states as ψ u (z) and ψ d (z), respectively. In the interferometer, the position state is generally a superposition of the two paths. On the other hand, we assume that every atom is in a superposition of internal states of a two-level atom, |1 and |2 , with respective energy levels E 1 and E 2 . As we know, such a superposition functions as an atomic clock via the relative dynamical phase (E 2 − E 1 )t/h, which causes (internal) precession proportional to the time t.
The interferometer superposes the atoms, for a time T , along the vertical axis with a separation 2z 0 . For simplicity let us assume that at the end of the duration T the wave packets spread and overlap in a very short time t T . This may be accomplished for example if during T the wave packets are held in a tight potential. In analogy with two-slit interference, we can write these explicit one-dimensional wave functions for the atoms (after they have expanded freely) as
where z = 0 is the midpoint between the vertically separated wave packets, δ is the initial width of the wave packets, m is the mass of the 87 Rb atom and t is the time since the wave packets began to expand freely.
The "clock" superposition of internal states "ticks" at a rate independent of z if we treat time as a universal parameter as usual in quantum mechanics. But to take into account the difference in proper times at z = ±z 0 , we apply the well-known formula from general relativity (e.g. [44] ): a time differential ∆T = T g∆z/c 2 accumulates between the wave packets, where T is the time that the wave packets are separated in height by ∆z = 2z 0 .
(Again for simplicity let us not include the wave-packet spreading time t in T , because once the wave packets start to spread they are no longer completely separated by ∆z.) What is crucial is that the internal clock state becomes entangled with the position state. We write
where (in this section) we take the angles θ and φ to be arbitrary, indicating the initial preparation of the clock state. What is not arbitrary is the relative phase ∆φ, which entangles time and position; it is due to the time differential ∆T that accumulates over the time T in which the wave packets are separated in height by ∆z, and equals
Now, proper time affects every instance of time dependence in the overall wave function; but, except for the clock states themselves, we assume that its only effect is to induce a relative phase between the upper and lower paths, with negligible effect on the visibility of the interference. We therefore neglect the effects of proper time on ψ u (z) and ψ d (z) in Eq.
(S12). What we cannot neglect is the effect of proper time on the clock states, which are now entangled with the position states in Eq. (S12) whenever ∆T = 0. It is this entanglement of clock time with vertical position that affects the visibility of the interference pattern. As an illustration, let us consider a perfect clock (C = 1, hence sin(θ/2) = 1/ √ 2 = cos(θ/2)), and compute V as a function of ∆φ:
(See also Sec. S3.) Thus V = 1 for ∆φ = 2nπ, while for ∆φ = (2n + 1)π the clock states are orthogonal and the interference pattern disappears. This calculation makes explicit the trade-off between the visibility of the interference and the "which path" information or "distinguishability" D arising from the clock, formalized as
In the alternative "no-clock" interpretation, we can separately collect terms in 
in which the first of the superimposed interference patterns comes from the |1 state and the second from the |2 state, with a relative phase between the interference patterns that yields perfect visibility when ∆φ = 0 (up to additions of multiples of 2π) and zero visibility when ∆φ = π (up to additions of multiples of 2π), in agreement with Eq. (S13) yet without any explicit reference to a clock. However, any loss of visibility has precisely the same physical origin in the two calculations: the relative shift of the interference patterns is due to the proper-time differential between the two paths, taken into account by ∆φ.
Each calculation, with its associated interpretation, may have advantages and disadvantages in different contexts; but here we point out three advantages of the clock interpretation.
First, there are innumerable physical realizations of a clock, and innumerable clock characteristics, such as accuracy and mass. For example, a superposition of N > 2 orthogonal states could form an accurate clock, and an external (rather than internal) variable could also serve to measure time [45] . For any possible clock there would be a "no-clock" mathematical analysis analogous to the one above; for example, instead of using a superposition of N orthogonal states one could resort to N independent interference patterns that would add constructively to yield perfect visibility or destructively to produce a flat probability distribution. What all these analyses might miss is the insight that the system analyzed is a clock (and therefore must measure proper time).
Second, a "no-clock" analysis, which isolates each energy level, does not connect the loss of visibility to "which path" information. From V = | cos(φ/2)| there is zero visibility when φ = π; but this loss of visibility arises as the sum of two interference patterns, each with full visibility. Since neither interference pattern is consistent with "which path" information, how could we have guessed that their sum is consistent with "which path" information? For N interference patterns the calculation would become cumbersome, all for lack of physical intuition about the relation between visibility and complementarity, a founding concept in quantum theory.
Third, clocks naturally lead us to consider time, hence also proper time and its possible relevance to quantum interferometry. True, the effect of proper time does not depend on whether a clock is there to measure it. The relative phase ∆φ is due to gravitational proper time (red shift), which itself is due to the difference in height of the two paths: the proper times along the paths are different, inducing a relative phase between the clock states. But a clock helps clarify why (and when) to take proper time into account.
One may generalize the above result beyond the coherent case. For a statistical mixture of energy eigenstates, Eq. (S14) still holds, and one may use the same arguments used in favour of the "clock" interpretation.
Finally, let us consider another possible criticism of our clock interpretation. This criticism asserts that there is no justification for introducing proper time ad hoc, as we have done. Instead, given the two internal states |1 and |2 and their energy difference, which we have denoted E 2 − E 1 , we can obtain our relative phase result via special relativity, without clock states. Each of these states interferes with itself over the two paths of the interferometer, and the interference terms (which can be calculated e.g. by obtaining the quantum phase from the action) include the potential energy factor mg∆z (where ∆z is, as before, the difference in height between the paths). However, according to special relativity, one can regard the internal states |1 and |2 as having different masses, because they have different energies. Namely, applying Einstein's formula connecting energy and mass, we find that the mass of the |2 state should be greater than the mass of the |1 state by ∆m = (E 2 − E 1 )/c 2 . Now, if the two states have different masses, then the potential energy term mg∆z will not be the same for the two states, because m is not the same. Replacing m by ∆m in the formula for potential energy mg∆z, we obtain (∆m)g∆z as the difference in potential energy. Then, multiplying the result by T /h, we find the relative phase ∆φ between the |1 and |2 interference patterns to be ∆φ = gT (∆z)(E 2 − E 1 )/c 
where ∆V ≡ g∆h. This expression for the visibility is exactly the same as Eq. 13 in [7] , which is based on a proper time calculation.
Without entering into a discussion of the merits of this special-relativistic calculation, we note that it identifies the gravitational mass for calculating the potential energy (i.e.
the mass m in mg∆z) with the inertial mass derived from the energy term in the phase via Einstein's formula m = E/c 2 ; the inertial mass takes into account not only the atomic mass but also the masses associated with the different internal energies. By identifying the gravitational mass with the inertial mass, the special-relativistic calculation implicitly invokes the equivalence principle; indeed, the formula for gravitational proper time [44] follows directly from the equivalence principle. Therefore this interpretation, as well, is based on general relativity.
In conclusion, we cannot avoid using the equivalence principle if we are to account for the influence of a gravitational potential. And, since general relativity implies a role for proper time, it does not make sense to try to avoid proper time as a physical parameter here. Given the role of proper time, a description based on self-interfering clocks provides the best physical understanding, as argued above.
